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We present the most detailed computation to date of the 21-cm global signal and fluctuations at
z & 500. Our calculations include a highly precise estimate of the Wouthuysen-Field (WF) effect
and the first explicit calculation of the impact of free-free processes, the two dominant components
of the signal at z & 800. We implement a new high-resolution Lyα radiative transfer calculation,
coupled to a state-of-the-art primordial recombination code. Using these tools, we find a global
signal from 21-cm processes alone of roughly 0.01mK at z ∼ 1000, slightly larger than it would be
without the WF effect, but much weaker than previous estimates including this effect. We also find
that this signal is swamped by a smooth 1−2 mK signal due to free-free absorption at high redshift
by the partially ionized gas along the line of sight. In addition, we estimate the amplitude of 21-cm
fluctuations, of order ∼ 10−7 mK at z ∼ 1000. Unfortunately, we find that due to the brightness of
the low-frequency sky, these fluctuations will not be observable beyond z ∼ a few hundred by even
extremely futuristic observations. The 21 cm fluctuations are exponentially suppressed at higher
redshifts by the large free-free optical depth, making this the ultimate upper redshift limit for 21-cm
surveys.
I. INTRODUCTION
In the most distant reaches of the Universe, between
the onset of cosmological recombination and the end of
reionization, hydrogen atoms provide one of the only
available tracers of large-scale structure. In particular,
the 21-cm hyperfine transition in neutral hydrogen has
become recognized as a powerful probe of these so-called
“dark ages” [1–4]. This transition is optically thin, so
it is in principle possible to map the structure of the
high-redshift Universe in three dimensions by measuring
angular and spectral fluctuations in brightness.
Most theoretical and experimental efforts to date have
been focused on the 21-cm signal from the epoch of reion-
ization, the last large-scale phase transition in the Uni-
verse where the intergalactic medium was ionized by the
first galaxies [5]. Radio instruments such as the LOw
Frequency ARay (LOFAR, [6]), the Precision Array for
Probing the Epoch of Reionization (PAPER, [7]), and
the Murchison Wide-field Array (MWA, [8]) have begun
placing upper limits on the EoR signal in preparation
for planned experiments like the under-construction Hy-
drogen Epoch of Reionization Array (HERA, [9]), the
Square Kilometer Array (SKA, [10]), and the Dark Ages
Radio Explorer (DARE, [11]). Other projects, including
the Canadian Hydrogen Intensity Mapping Experiment
(CHIME, [12]) and the Hydrogen Intensity and Real-time
Analysis eXperiment (HIRAX, [13]), will target the re-
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maining neutral hydrogen within galaxies after reioniza-
tion.
While the detection of the 21-cm signal from reion-
ization seems imminent, it depends sensitively on com-
plex astrophysical processes, and its interpretation will
be a theoretical challenge [14]. It is also in principle
possible to go after the 21-cm signal from beyond reion-
ization [15, 16]. Though atmospheric and astrophysical
foreground emission pose a significant technical challenge
to observations at these redshifts [17, 18], the signal is ex-
pected to be much cleaner of astrophysical uncertainties,
in particular at z & 20 − 30, before the first stars have
formed [19]. High-redshift 21-cm tomography promises
to become the ultimate cosmological probe by opening
a window into the earliest periods of structure forma-
tion. To cite only a few applications, it can shed light
on the character of initial conditions through the mea-
surement of small-scale perturbations [15, 20], statistical
isotropy [21] and primordial non-gaussianity [22–24], and
can probe the nature of dark matter [25–28].
The 21-cm signal is the contrast between the brightness
temperature in the redshifted 21-cm line and the CMB
temperature. This contrast is itself proportional to the
difference between the spin temperature, characterizing
the relative abundance of ground-state hydrogen in its
two hyperfine substates, and the CMB temperature. This
is set by three competing processes: absorption of and
stimulated emissions by resonant CMB photons, colli-
sions between hydrogen atoms, and spin-flipping Lyman-
α scatterings. The latter process, the Wouthuysen-Field
(WF) effect [29, 30], indirectly drives the spin tempera-
ture towards the gas temperature, as the Lyman-α color
2temperature near line center is expected to be very near
equilibrium with the kinetic temperature of the gas. The
standard lore is that the WF effect is only relevant at low
redshifts, once the first galaxies have produced a signifi-
cant Lyman-α background. Recently, however, Ref. [31]
(hereafter FL13) pointed out that the WF effect actually
dominates over other processes at z & 850, due to the
large Lyman-α background generated during the out-of-
equilibrium cosmological recombination process [32, 33].
More interestingly, FL13 found a significant departure of
the Lyman-α color temperature from the gas tempera-
ture at z & 500; as a result, they found a much larger
21-cm signal at these redshifts than previously estimated,
though the precise value depends on the recombination
code they used [34, 35].
The goal of this work is to thoroughly examine the
little-explored 21-cm signal from z & 500. We improve
upon the first study by FL13 in several ways. First,
we develop a very-high-resolution Lyα radiative transfer
code to ensure that the physics of the WF effect is cap-
tured precisely. This code is coupled to the recombina-
tion code HyRec [34, 36], which very accurately predicts
the high-redshift recombination and thermal history, as
well as the damping wings of the Lyα line. We find that
the fractional difference between color and matter tem-
peratures at z & 500 is at most a few times 10−5, up to
three orders of magnitude less than the deviation found
by FL13.
Secondly, we explicitly account for free-free emission
and absorption, which become substantial as the free-
electron abundance rises rapidly at z & 103. They lead to
a distortion to the global CMB spectrum proportional to
a weighted average of the difference between matter and
radiation temperature, of order ∼ 1 mK. This distortion
overwhelms that due to resonant interaction in the 21-cm
line for frequencies ν . 2 MHz. In other words, the global
distortion to the CMB spectrum at frequencies ν . 2
MHz has little to do with the 21-cm transition, and is
mostly determined by free-free processes.
We also consider the fluctuating part of the signal.
Given that the free-free contribution results from a broad
integral along the line of sight, we expect it to be mostly
smooth, and the fluctuations should indeed be dominated
by the 21-cm signal. We find perturbations on the order
of ∼ 10−7 mK at z ∼ 1000. Beyond that redshift, the
high free-free optical depth exponentially suppresses any
fluctuations, implying that this is the most distant red-
shift at which a 21-cm signal can be observed, as antic-
ipated in FL13. We also make a rough estimate of the
sensitivity necessary to detect these fluctuations, and find
that even a futuristic experiment densely covering the far
side of the Moon will be unable to make a detection.
This paper is organized as follows. In Section II,we
briefly review the physics underlying the 21 cm signal.
We discuss the global signal around recombination in Sec-
tion III, starting with a description of our high-precision
Lyα radiative transfer computation and going on to add
in the effects of free-free absorption. Section IV studies
the amplitude of 21 cm fluctuations at these redshifts.
We discuss our results in Section V and conclude in Sec-
tion VI. Appendix A provides the details of our numerical
implementation, followed by a discussion of convergence
tests in Appendix B. We assume a flat ΛCDM cosmology
throughout with parameters consistent with the latest
measurements. For simplicity, we take kB = 1 through-
out.
II. BACKGROUND
A. General considerations
The observable for 21-cm surveys is the difference
T21 ≡ Tb − TCMB between the brightness tempera-
ture Tb at a given frequency and the CMB tempera-
ture TCMB. An observed frequency νobs maps to redshift
z ≡ ν21/νobs − 1, where ν21 ≈ 1.4 GHz is the frequency
of the spin-flip transition. The brightness temperature
contrast is given by
T21 =
TS(z)− Tr(z)
1 + z
(
1− e−τν) ≈ TS(z)− Tr(z)
1 + z
τν ,
(1)
The observed intensity depends on the difference between
the radiation temperature Tr = TCMB(1+z) and the spin
temperature TS , defined by
n1
n0
= 3e−T⋆/TS ≈ 3
(
1− T∗
TS
)
, (2)
where n1 and n0 are the densities of atoms in the upper
(F = 1) and lower (F = 0) hyperfine states, T⋆ ≡ hν21 =
0.068 K is the temperature corresponding to the energy
difference between these levels, and the second approxi-
mation is always accurate since all relevant temperatures
are significantly higher than T∗.
The optical depth τν of the 21-cm transition is given
by
τν =
3
32pi
hc3A10
TSν2
xHinH
(1 + z)(dv‖/dr‖)
, (3)
where h is Planck’s constant, c is the speed of light, nH
is the number density of hydrogen atoms, xHi is the neu-
tral fraction of those atoms, and A10 is the Einstein-A
coefficient for the 21-cm line. The quantity (dv‖/dr‖) is
the derivative of the line-of-sight gas velocity along the
photon’s path, including both the bulk Hubble flow and
peculiar velocities [2]. Combining Equations (1) and (3)
yields, in the matter-domination era [1],
T21 ≈ 9 mK xHi(1 + δ)(1 + z)1/2
[
1− Tr
TS
]
×
[
H(z)/(1 + z)
dv‖/dr‖
]
, (4)
where δ is the density contrast at the location observed
and H(z) is the Hubble parameter.
3The spin temperature is determined by three compet-
ing processes. Interactions with CMB photons tend to
bring the spin temperature in equilibrium with the ra-
diation temperature at a given redshift. Collisions be-
tween hydrogen atoms pull the spin temperature instead
towards the matter temperature Tm. The third process,
the WF effect, alters the spin temperature through inter-
actions with Lyα photons. Indeed, electric dipole selec-
tion rules allow for inelastic resonant scattering of Lyα
photons, in which the final hyperfine state differs from
the initial one [29, 30]. This process acts to bring the
spin temperature towards the color temperature TC of
the Lyα line. In most situations, TC is strongly coupled
to Tm, so the WF effect strengthens the coupling between
the matter and spin temperatures. However, as we will
show later, TC diverges somewhat from Tm at very high
redshifts, which alters the predicted value of TS .
Under these three competing effects, the spin temper-
ature is
T−1S =
T−1r + xcT
−1
m + xαT
−1
C
1 + xc + xα
, (5)
where xc and xα are the dimensionless coupling strengths
of the collisional and WF effects, respectively. The coef-
ficient for collisions with species i is given by
xic =
niκ
i
10
A10
T⋆
Tr
, (6)
where κi10 is the rate coefficient for species i, which de-
pends on the kinetic temperature Tm. We consider two
types of collisions: those between pairs of hydrogen atoms
and those between hydrogen atoms and electrons. Val-
ues for the rate coefficients for these two cases can be
found in Tables 3 and 4 of Ref. [1], using calculations
from Refs. [37–39].
B. The Wouthuysen-Field effect
The WF coupling coefficient can be written as
xα =
4Pα
27A10
T⋆
Tr
, (7)
where
Pα ≡ 8pi
c2
∫
fνσLyαν
2dν (8)
is the total Lyα scattering rate per atom, σLyα =
(pie2/mec)fαφα(ν) is the absorption cross section for the
Lyα line with oscillator strength fα = 0.4162, φα(ν) is
the line profile, and fν is the dimensionless photon occu-
pation number.
In Figure 1, we plot the values of the coupling coef-
ficients xc and xα as a function of redshift. As noted
by FL13, we find that the WF coupling dominates at
z & 800, which motivates an accurate computation of
FIG. 1. Coupling strength as a function of redshift for the
WF effect xα (solid) and collisions between hydrogen atoms
xc(dashed).
the Lyα color temperature at these redshifts. The values
of fν used to determine xα in this plot were computed
using the Lyα radiative transfer code described below in
Section III A.
The color temperature is by definition the steady-state
spin temperature if the WF field effect was the only spin-
changing process, i.e. [40]
(
n1
n0
)
ss
≡ Γ01
Γ10
≡ 3e−T∗/TC ≈ 3
(
1− T∗
TC
)
, (9)
implying
T∗
TC
=
Γ10 − 13Γ01
Γ10
, (10)
where Γ01 and Γ10 are the rates of Lyα scattering events
per hydrogen atom changing the hyperfine state F = 0→
1, and 1→ 0, respectively. Explicitly, this ratio is
T∗
TC
=
∫
fν [φ10(ν)− φ01(ν)/3] dν∫
fνφ10(ν)dν
(11)
where φ10 and φ01 are the relevant thermally-averaged
line profiles, which are computed explicitly in Appendix
B of Hirata [40]. They are related through φ01(ν) =
3φ10(ν − ν21), so that
T∗
TC
=
∫
fν [φ10(ν)− φ10(ν − ν21)] dν∫
fνφ10(ν)dν
. (12)
Because ν21 is small compared to the Doppler width of
the Lyα line, we can make the approximation φ10(ν −
ν21) ≈ φ10(ν)− ν21dφ10/dν. We then have
TC ≈ T⋆
ν21
∫
fνφ10(ν)dν∫
fν
dφ10
dν dν
= −h
∫
fνφ10(ν)dν∫
dfν
dν φ10(ν)dν
, (13)
4where the second equality is obtained by integrating by
parts.
Let us point out that if we make the further ap-
proximation that the line is infinitely narrow, φ10(ν) =
δD(ν − νLyα), this reduces to
TC ≈ −h
(
d ln fν
dν
)−1
, (14)
which is the common expression for the color tempera-
ture used in many computations, including those of FL13.
Except when explicitly stated, we will not use Eq. (14)
to compute the color temperature in what follows, but
rather the more accurate Eq. (13).
Let us now turn our attention to the line profile. A
spin-flipping scattering event can proceed through either
the 2p1/2(F = 1) or 2p3/2(F = 1) intermediate levels.
Far from the Lyα resonance, the amplitudes for these two
transitions interfere destructively, causing the profiles to
differ significantly from the Voigt profile φα which char-
acterizes the overall Lyα transition [40]. Exact forms for
these profiles can be found in Equation (B18) of Hirata
[40]. The unconvolved line profile is explicitly given by
φ10 =
γν2FS
2pi
[
(∆ν − 12νFS)2 + γ2
] [
(∆ν + 12νFS)
2 + γ2
] ,
(15)
where γ = 50 MHz is the natural width of the Lyα tran-
sition and νFS = 10.9 GHz is the fine-structure frequency
separation. Compared to the Voigt profile, this interfer-
ence profile falls off substantially faster in the wings of
the Lyα line, as ∆ν−4 instead of ∆ν−2. This behavior
is illustrated in Figure 2, both for unconvolved and con-
volved profiles. The two separate fine-structure lines are
visible in the unconvolved interference profile, but as νFS
is smaller than a doppler width, the convolved profile is
single-peaked. Just outside the doppler core, the ampli-
tude of interference profile is ∼ 4 orders of magnitude
lower than that of the Voigt profile, dramatically reduc-
ing the importance of the damping wings. In fact, we find
that using a Gaussian profile alone instead of the inter-
ference profile to compute the color temperature obtains
the correct result to within ∼a few percent.
III. GLOBAL 21CM SIGNAL
In this section, we will compute the globally averaged
21 cm signal at z > 500. Understanding the spin tem-
perature and ultimately the brightness temperature at
high redshifts requires accurate computations of several
quantities. We obtain the matter temperature and level
populations from HyRec. This code does solve for the
Lyα radiation field, but with a frequency resolution of
a few Doppler widths, and only in the damping wings.
While this is sufficient for high-accuracy recombination
calculations, it may not be enough for our purposes, so
we write our own supplemental high-resolution radiative
FIG. 2. Lyα line profiles, both unconvolved (top) and con-
volved (bottom) with the thermal Gaussian profile. Shown
are both the usual Lorentzian/Voigt profile (blue dot-dashed)
and the WF interference profile (black solid), along with the
Doppler profile (red dashed). All profiles are computed at
z = 1000 using the matter temperature Tm at that redshift.
transfer code to handle the region around νLyα. We will
also use the free-election fraction from HyRec to com-
pute the effect of free-free processes on our results and
produce a complete estimate of observed brightness tem-
perature contrast at a given observing frequency.
A. Lyman-α Radiative Transfer
To compute the color temperature, we need a high-
precision prediction for the spectrum fν in the Lyα re-
gion. The radiative transfer equation we need to solve
for this spectrum is [41–43]
∂fν
∂t
= Hν
∂fν
∂ν
+ f˙ν |em + f˙ν |ab + f˙ν |sc. (16)
In the order written above, the evolution of the spectrum
is determined by Hubble drift, true emissions and absorp-
tions of Lyα photons, and scatterings. Absorptions and
5emissions change the total number of photons, while scat-
terings and the Hubble drift conserve the photon number
but shift their frequencies.
We evolve the spectrum using the method of Ref. [42],
hereafter HF09. We briefly summarize the computation
here, with further details presented for the convenience
of the reader in Appendix A. We divide the frequency
range around the Lyα line into bins of constant width
∆ ln ν. In a bin centered at frequency νi we evolve the
quantity
Ni =
8piν3i∆ ln ν
c3nH
f(νi), (17)
which gives the number of photons per hydrogen atom
in a given bin. We use 105 + 1 bins centered at νLyα
with widths ∆ ln ν = 10−7. These bins are considerably
smaller than those used by HF09, but this fine resolution
is necessary to produce a converged final spectrum (for a
discussion of convergence tests, see Appendix B). We use
a logarithmic step in scale factor equal to our logarithmic
frequency interval, ∆ ln a = ∆ ln ν. This allows for a sim-
ple implementation of Hubble drift: at each timestep we
simply redshift the photon numbers by one frequency bin.
After each step, we fill in the boundary bin on the blue
side from the output of HyRec. We start our radiative
transfer with a blackbody initial condition at z = 1600
with temperature equal to the radiation temperature.
The true emission rate is computed based on the pop-
ulation of the various excited states of a hydrogen atoms
along with their decay rates. Level populations are ob-
tained from HyRec, and a correction factor is applied
to take into account various photon phase space factors
and other non-resonant effects. The absorption rate is
obtained from the emission rate by detailed balance, as-
suming the low-lying ns and nd states are in Boltzmann
equilibrium with 2p at temperature Tr.
The spectrum of photons near the Lyα transition is
smooth on the scales of a doppler width (see e.g. the
discussion in [43]), so we can evolve the spectrum us-
ing the Fokker-Planck diffusion approximation [44]. In
principle, we should consider all six of the different tran-
sitions described in Ref. [40] for different hyperfine levels.
However, as stated above, all of these different lines fall
well within the Lyα Doppler width at z & 500, so we
will again treat the Lyα line as a single transition with
a single Voigt profile (the interference term in φ10 does
not appear in the full Lyα profile). We only account for
kinetic diffusion, and neglect the spin diffusion term con-
sidered in Ref. [40]. This is justified because the hyper-
fine splitting is much smaller than a Doppler width at the
redshifts of interest. We use a tri-diagonal discretized dif-
fusion operator, for which we enforce detailed balance at
the matter temperature Tm. This translates the fact that
Lyα photons mostly exchange energy with the kinetic de-
grees of freedom of the gas during scattering events (we
will get back to the exchange of energy with the spin
degrees of freedom below). We evolve the photon field
at each timestep using an implicit Euler method, after
FIG. 3. Spectra near the Lyα transition at z = 1000, cal-
culated assuming the full diffusion behavior (solid), neglect-
ing scattering effects (dot-dashed), and assuming equilibrium
(dashed). Values on the x-axis give the number of doppler
widths from line center.
which we shift each value redward to account for Hubble
redshifting.
The result of our computation at z = 1000 is plotted in
Figure 3. The solid curve shows the spectrum including
all of the effects discussed above, while the dot-dashed
curve shows the effect of neglecting scattering. As ex-
pected, both spectra approach the equilibrium spectrum
f eqν ≈ (x2p/3x1s) exp [−h(ν − νLyα)/Tr] (shown by the
dashed curve) within a few doppler widths of the line
center. Note that, though the difference cannot be seen
by eye, scattering actually drives the spectrum towards
equilibrium with the kinetic degrees of freedom of matter
at temperature Tm rather than Tr. See Figure 5 for more
details.
B. Lyα Color temperature
Now that we have our Lyα spectrum, we can use the re-
sults from Section II to compute the color temperature.
In Figure 4 we plot the deviation of the color temper-
ature from the radiation temperature as a function of
redshift. The blue solid curve shows the result evaluated
by applying Equation 13 to the spectrum computed in
the previous section. We have also plotted for compar-
ison the matter temperature output from HyRec (red
dashed curve). From this it can clearly be seen that at
z ∼ 500, the usual assumption that TC ∼ Tm is quite
accurate. However, at z & 1000, the color temperature
difference approaches a plateau, differing from Tr by a
few parts in 105. At the highest redshifts we consider
this effect has become quite significant, as the color tem-
perature contrast is about an order of magnitude higher
than that of the matter temperature.
6FIG. 4. Deviation of color temperature TC from radiation
temperature Tr as a function of redshift, computed both using
the full Lyα spectrum as in Eq. (13) (black solid) and only
the line center as in Eq. (14) (black dot-dashed). Shown for
comparison (blue dashed) is the deviation between the matter
temperature Tm and the radiation temperature Tr.
We also plot for the sake of comparison the color tem-
perature obtained using the narrow-line approximation
from Equation 14 (blue dot-dashed curve). The color
temperature calculated in this limit tracks the matter
temperature to much higher redshifts, plateauing to a
value a few times lower than that of the full computation.
This suggests that photons outside of the very center of
the line contribute significantly to the deviation of the
color temperature from the gas temperature.
We can confirm this conclusion by looking closer at our
computed spectrum. We start by using Eq. (13) to write
1− TC
Tm
≈ Tm
TC
− 1 ≈
∫
F(ν)dν (18)
where we have defined
F(ν) ≡ − 1
fνα
[
fν +
Tm
h
dfν
dν
]
φ10(ν). (19)
It can easily be seen that F(ν) = 0 and TC = Tm if
the spectrum is a blackbody at temperature Tm (in the
Wien-tail approximation).
Figure 5 uses the quantity F(ν) to illustrate the source
in frequency space of the deviation between color and
matter temperatures. The blue curve shows F(ν) (mul-
tiplied by a Doppler width) for the same spectrum used
in Figure 4 at z = 1000, roughly the point where TC be-
gins to diverge from Tm. Results are shown using both
the full interference profile and the doppler profile alone.
A sizable excess can be seen in the five or so doppler
widths blueward of the line center, translating to the ex-
cess over the line center value seen in Figure 4. Note that
the values of F for both profiles are quite similar. They
yield the same value of 1−TC/Tr to within 3%, justifying
our use of a Gaussian profile in our full calculation.
FIG. 5. The relative contribution from different frequencies
to the difference between TC and Tm at z = 1000, illustrated
using the quantity F(ν) defined in Equation (19). The black
solid curve shows the result using the full convolved interfer-
ence profile, while the blue dot-dashed curve shows the result
obtained from a Gaussian profile alone. Both curves are nor-
malized such that their integral yields the correct value of
1− TC/Tm.
C. Cosmological free-free effects
At the redshifts we consider here, the large free-
electron abundance means that we must consider the
effects of free-free processes on our spectrum. We will
quantify the strength of these effects here.
We denote by αff(ν, z) the net free-free absorption co-
efficient (including stimulated emission) for photons with
frequency ν at redshift z. For thermal Bremsstrahlung
where the electron temperature is equal to the matter
temperature, we have [45]
αff(ν, z) =
4e6
3mecν2
(
2pi
3meT 3m
)1/2
n2e gff(ν, Tm), (20)
where ne is the number density of free electrons (or pro-
tons, assuming that Helium is fully recombined). We
obtain values for the free-free Gaunt factor gff from [46].
Note that, as in our previous calculations, we are working
in the Rayleigh-Jeans regime.
We denote by Tb(ν0, z) the brightness temperature
at frequency (1 + z)ν0 and redshift z, and tb(ν0, z) ≡
[Tb(ν0, z) − Tr(z)]/(1 + z). We also define tm(z) ≡
[Tm(z)−Tr(z)]/(1+z) and ts(z) ≡ [Ts(z)−Tr(z)]/(1+z).
In the Rayleigh-Jeans regime of interest, the radiative
transfer equation can be rewritten as the following dif-
ferential equation for tb, at constant ν0:
dtb
dz
=
dτff
dz
(tb − tm) + dτ21
dz
(tb − ts), (21)
7where the differential free-free optical depth is
dτff
dz
(ν0, z) ≡ αff(ν0(1 + z), z)
(1 + z)H(z)
, (22)
and, approximating the 21-cm line as narrow,
dτ21
dz
(ν0, z) ≡ τ21(z21)δD(z−z21), 1+z21 ≡ ν21
ν0
. (23)
In this equation, z21 is the redshift at which a photon of
frequency ν0 today was resonant with the 21-cm hyper-
fine transition.
This equation can be solved in three steps:
(i) Assuming tb(z =∞) = 0, the brightness temperature
just prior to resonance is
tb(z
+
21) = tff(ν0, z21), (24)
where
tff(ν0, z) ≡
∫ ∞
z
dz′ exp [−τff(ν0; z, z′)] dτff
dz′
tm(z
′),(25)
τff(ν0; z, z
′) ≡
∫ z′
z
dz′′
dτff
dz′′
(ν0, z
′′). (26)
(ii) Assuming τ21 ≪ 1, the change in brightness tem-
perature after resonant interaction with the 21-cm line
is
tb(z
−
21) ≈ tb(z+21)(1− τ21) + τ21ts ≈ tb(z+21) + τ21ts. (27)
(iii) After resonant interaction with the 21-cm line, the
radiation changes through free-free processes alone:
T21(ν0) = tb(ν0, 0) = tb(z
−
21) exp [−τff(ν0; 0, z21)]
+
∫ z21
0
dz exp [−τff(ν0; 0, z)] dτff
dz
tm(z).(28)
Sewing everything together, we arrive at the following
brightness temperature contrast at redshift zero,
T21(ν0) = τ21ts(z21) exp [−τff(z21)] + tff(ν0, 0), (29)
where, for short, we have defined
τff(z21) ≡ τff(ν0; 0, z21). (30)
So the effect of free-free absorption on the global signal is
twofold: (i) it exponentially damps the standard contri-
bution by e−τff , and (ii), it adds a frequency-dependent
offset tff(ν0, 0). We can rewrite the latter as the following
weighted integral of tm:
tff(ν0, 0) ≡
∫ ∞
0
dz Vff(ν0, z)tm(z), (31)
where
Vff(ν0, z) ≡ exp [−τff(ν0; 0, z)] dτff
dz
(ν0, z). (32)
The function Vff plays the role of a visibility function sim-
ilar to that of CMB anisotropies: at fixed ν0 its integral
FIG. 6. Free-free optical depth τff between redshifts 0 and z21
for photons with frequency ν21 at z21. The free-free process
becomes optically thick (marked with dashed line) at roughly
z ∼ 1000.
over redshift is unity, and it weighs the contribution of
the source function tm(z) in Eq. (31).
Figure 6 shows the value of τff between redshifts 0 and
z21 for photons emitted at ν0 = ν21/(1 + z21), computed
using the output of HyRec. For photons emitted well af-
ter recombination, the optical depth is small because the
ionization fraction is small. The optical depth then rises
rapidly following the rising ionization fraction, reaching
unity around z ∼ 1000 and several thousand by z ∼ 1500.
Figure 7 shows the visibility function Vff defined in Eq.
(32) for instruments targeting z21 = 500, 1000, and 1500.
One can easily show [e.g. for a power-law τff(z)] that the
visibility function peaks near τff ∼ 1, i.e a surface of last
free-free interaction, by analogy to the CMB surface of
last scattering. As expected, our plotted Vff(z)’s all peak
near z ∼ 1000, roughly where we expect τff to be unity.
The peaks shift slightly because each curve deals with
photons at different frequencies. As one increases the
redshift z21 of resonance (hence decreasing ν0), the free-
free optical depth increases, and the free-free visibility
function peaks at lower redshifts, where |tm| is larger. We
therefore expect |tff(ν0, 0)| to increase with z21. In other
words, the impact of free-free effects on our signal should
be higher for instruments targeting higher redshifts.
D. Galactic free-free effects
The plasma in the Milky Way ISM is also a source of
free-free opacity at low frequencies, which can obscure
the cosmological signal. The free-free opacity can be
modeled as
τff,Gal(ν) =
(ν⋆
ν
)2.1
, (33)
8FIG. 7. Free-free visibility functions Vff for instruments tar-
geting redshifts z21=500 (solid), 1000 (dashed), and 1500
(dotted).
where ν⋆ is a transition frequency where the optical depth
is unity, which depends on the line of sight (lines of sight
with longer path length, or through denser or colder gas,
will have more absorption and a larger ν⋆). The power
law deviates slightly from 2 due to the Coulomb logarith-
mic factor in the Gaunt factor. Modeling of the radio
spectrum of the Galactic poles – which is dominated by
synchrotron emission and free-free absorption – suggests
ν⋆ ≈ 2.2 MHz (e.g., Ref. [47]; this is F = 5 in their nota-
tion). This means that at z & 650, the Milky Way ISM
is optically thick to the cosmological 21 cm signal in the
sense that τff,Gal > 1; however, in the range considered
in this paper the optical depth is only a few, and so some
signal survives and reaches an observer inside the Milky
Way. Furthermore, it seems likely that the free-free ab-
sorption will turn out to be patchy when the MHz sky
is observed at high resolution instead of with single an-
tennas, with dense structures corresponding to peaks in
τff,Gal. (This is seen in the Galactic Plane in the 36–73
MHz band, e.g. [48].) This means that the optical depth
inferred from wide-angle temperature measurements may
be an underestimate on some lines of sight, and an over-
estimate on others.
E. Results
We plot in Figure 8 the predicted global observed
brightness temperature T21 as a function of redshift of
resonance z21. Note that for ease of viewing we have
plotted −T21 so that, though Tb < Tr, a stronger sig-
nal still appears higher on the y-axis. The dashed red
curve shows the results which would be obtained neglect-
ing both the WF effect (by setting xα = 0 in Eq. (5)) and
free-free effects computed above. The blue dot-dashed
curve shows the effect of adding in the WF coupling with
our computed TC(z21). As expected based on Figure 4,
FIG. 8. Predicted brightness temperature in the 21 cm line as
a function of redshift of resonance. Results are plotted using
our full computation (solid black), as well as in the limits
where free-free (dot-dashed blue) and both free-free and WF
(dashed red) are neglected. Note that the y-axis shows the
negative of the true brightness temperature contrast. Note
that, though we have plotted all three curves as a function
of z21, unlike the other two the black curve includes free-free
contributions from the entire line of sight, not just a narrow
band around z21.
this has the effect of substantially increasing the ampli-
tude of the observed signal beyond z21 ∼ 1000. The solid
black curve shows the full result of evaluating Equation
(29) including free-free. At z21 = 500, the 21 cm signal
still dominates over the free-free contribution. However,
as predicted in the previous section, the amplitude of the
free-free effect increases with redshift, overwhelming the
21 cm component for z21 & 800.
It should also be noted that all three curves in Figure
8 converge at z ∼ 500. Below this redshift, the WF and
free-free effects we consider here become subdominant
to collisional coupling to the cooling hydrogen atoms.
Therefore, past computations of the 21 cm signal for z .
500 should not be significantly affected by the processes
we consider here.
In conclusion of this section, we found that the global
(monopole) distortion to the CMB at frequencies ν . 2
MHz is mostly determined by free-free interactions, and
has little dependence on the 21-cm transition. We now
turn on to the study of fluctuations.
IV. 21 CM FLUCTUATIONS
We now turn our attention to the fluctuations in the
21 cm signal from the recombination epoch, which could
in principle be detectable with interferometers.
9A. Accessible scales
The derivation above still applies to the case where the
optical depths and temperature are spatially-dependent
functions. Our first consideration is the range of radial
(k‖) and transverse (k⊥) wavenumbers that are in prin-
ciple observable. In this section, we define the re-scaled
redshift variable
z3 ≡ 1 + z
1000
(34)
for simplicity of notation.
1. Radial wavenumbers
In the radial direction, we recall that a sinusoidal fluc-
tuation in brightness temperature consisting of N oscil-
lations per e-fold in frequency has a radial wavenumber
k‖ = 2piN
H(z)
c(1 + z)
= 0.024Nz
1/2
3 Mpc
−1. (35)
If one fits and removes a spectrally smooth foreground
model, then modes with low N are necessarily lost. The
minimum N that survives depends on the complexity
of the foreground model required and the bandwidth
over which it can be fit. Even in the extraordinarily
over-optimistic case that over an on octave-wide band-
width (∆ ln ν = 0.7) a quartic polynomial (2 oscilla-
tions) would suffice, we would have Nmin ≈ 2/0.7 and
k‖,min ∼ 0.07z1/23 Mpc−1. Realistic foregrounds, and con-
sideration of spectral structure imprinted by the instru-
ment, may set a much larger value of k‖,min.
2. Transverse wavenumbers
In the transverse direction, scattering in the Milky
Way’s ISM provides a serious obstacle to observations
at low frequencies. This scattering smears any cosmo-
logical signal into a seeing disk, or equivalently sup-
presses the electric field correlation function at long base-
lines. The NE2001 model [49] gives a scattering mea-
sure of 8.5× 10−5 (1.8× 10−4) kpc m−20/3 at the North
(South) Galactic Pole. This gives an angular broadening
of θ = 0.0041z2.23 radians at the NGP (the coefficient is
0.0064 at the SGP). This implies a cutoff at the scale
k⊥,max =
2.355
θD(z)
= 0.041z−2.23 Mpc
−1 (36)
at the NGP (the coefficient is 0.026 at the SGP). Fourier
modes with larger transverse wavenumbers than this are
washed out. There is quite a bit of uncertanties in these
numbers, since the scattering model has not been vali-
dated as such low frequencies; nevertheless, the qualita-
tive picture that angular broadening is enormous in the
MHz regime seems inescapable.
Regardless of the direction of the Fourier mode, there is
a maximum wavenumber – the baryon Jeans scale kJeans
– beyond which the cosmological signal decreases rapidly.
Given Eq. (36), this is only relevant in the radial direc-
tion, and sets k‖,max ∼ kJeans.
B. Estimation of the signal strength
We estimate the characteristic fluctuation δT21 of these
fluctuations as the square root of the dimensionless 21-
cm power spectrum, using a method similar to that of
FL13. To facilitate comparison with their results, we ne-
glect perturbations to the ionization fraction and to the
gas temperature. The fluctuation amplitude is then de-
termined by fluctuations in the optical depth, which only
depend on the baryon density and velocity perturbations,
δb and δv ≡ (1 + z) dv‖/dr‖/H(z) − 1, respectively, as
well as perturbations in the spin temperature. In Fourier
space, and assuming linear perturbations, δv is given by
the linearized continuity equation, implying
δv = −µ2κδb, µ ≡ kˆ · nˆ = k||/k, (37)
where nˆ is the line of sight, kˆ is the direction of the
Fourier wavenumber and κ ≡ |d ln δb/d ln(1 + z)| is the
growth rate of baryonic perturbations. Typically, we
find κ ∼ 5 for the wavelengths and redshifts of interest.
This is larger than unity (as assumed in FL13) because
near recombination, baryons start nearly unclustered and
quickly catch up to the dark matter. Using Eq. (4), we
see that the 21-cm brightness contrast is proportional to
(1+ δb− δv)(1−Tr/Ts) =
(
1 + (1 + µ2κ)δb
)
(1−Tr/Ts).
Because the coupling xc between Tm and Ts increases
with baryon density, we can write xc = xc(1 + δb). After
some algebra, we can then say that
1− Tr/Ts = 1− Tr/Ts (1 +Xδb), (38)
where
X ≡ xc(Tm − Tr)
xc(Tm − Tr) + xα(Tc − Tr) −
xc
1 + xc + xα
, (39)
and we have made the approximation 1 − Tr/Tm ≈
Tm/Tr − 1. The intensity fluctuation amplitude is then
δT21 = T21(1 + δb − δv +Xδb)
= (1 +X + µ2κ)δb. (40)
We need now only one more component for our fluctua-
tion amplitude: the effect of Bremsstrahlung. The line-
of-sight integral in Eq. (31) implies that the second term
in Eq. (29) ought to have little fluctuations on scales
smaller than the width of the visibility function, cor-
responding to wavenumbers k|| & 0.05 Mpc
−1. Given
the lower limit on observable radial wavenumbers dis-
cussed in Section IVA1, we conclude that foreground
cleaning will remove any observable fluctuations of the
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FIG. 9. Amplitude of the 21-cm brightness fluctuations inte-
grated over the observable range of scales under our full cal-
culation (solid black curve), neglecting free-free effects (blue
dot-dashed), and neglecting both free-free andWF effects (red
dashed). Also plotted are the minimum amplitudes detectable
with an idealized instrument with S/N = 3 (grey solid) and
S/N = 1 (grey dotted).
second term in Eq. (29). Fluctuations in the first term
do survive, albeit supressed by free-free opacity:
δT obs21 = δT
0
21e
−τff . (41)
This will exponentially suppress any fluctuations beyond
z ∼ 1000.
Figure 9 shows the amplitude of the temperature fluc-
tuations integrated over the range of accessible scales de-
fined in the previous section. Specifically, we plot the
square root of the variance of the fluctuations,
(VarT21)
1/2
=
[∫
P21(k)
d3k
(2pi)3
]1/2
=
[
T 221
(2pi)2
∫
k⊥(1 +X + µ
2κ)2Pbdk⊥dk‖
]1/2
, (42)
where we have computed the baryon power spectrum
Pb(k) using CAMB [50]. In addition to the results of our
full computation, we have also plotted amplitudes with
the free-free and WF effects removed. Though the WF
effect acts to increase the amplitude over the collision-
only prediction, this contribution only becomes signifi-
cant above z ∼ 1000, in the free-free-suppressed regime.
Thus we see that 21-cm brightness temperature fluctua-
tions cannot be observed even in principle beyond recom-
bination, despite the fact that there is a non-vanishing
(albeit small) global signal.
C. Idealized signal-to-noise ratio
We may now consider whether the recombination-era
signal is detectable by a plausible future experiment. Due
to the frequency range, this would have to be in space,
either free-floating or possibly on the Moon.
For an ideal densely filled array of collecting area A,
observing a region of solid angle ∆Ω large compared to
the beam size (λ2obs/A), and averaging over a range of
frequencies ∆ν for an observation time tobs, the idealized
uncertainty in the brightness temperature is
σT =
√
2
Nmodes
Tsky =
λobs√
2A∆Ω∆ν tobs
Tsky, (43)
where Tsky is the sky temperature, λobs is the observed
wavelength, and Nmodes is the total number of modes
of the electromagnetic field collected by the experiment
within that range of frequencies and observing directions
(and counting both polarizations). Based on the Radio
Astronomy Explorer 2 maps [51], we obtain a sky tem-
perature near the Galactic poles of 8 MK (2.2 MHz) or
13 MK (1.31 MHz), which treated as a power law would
give a brightness temperature of Tsky = 12z
0.94
3 MK. The
observed wavelength is λobs = 0.21z3 km. Then:
σT = 6.9× 10−3
(
A
AL
∆Ω
pi sr
∆ν/ν
0.5
tobs
100 yr
)−1/2
z2.443 mK,
(44)
where we have scaled the area relative to AL = piR
2
L =
9.5× 106 km2, the cross-sectional area of the Moon.
Let us now consider a signal on the sky with vari-
ance VarT21. Suppose that we divide a survey into N3D
3D pixels in frequency-angular position space of volume
∆ν1∆Ω1 (units: Hz sr), each with a signal T21(ν,Ω). To
obtain the most optimistic S/N calculation, we suppose
that (somehow) the relevant modes of the cosmological
density field were already measured and we attempted
a 21 cm detection by cross-correlation against a perfect
template. (Given that the only other tracer at these red-
shifts is the CMB itself, which provides only 2D informa-
tion, such a perfect template may not exist; we therefore
view this calculation as a way to obtain an optimistic
bound to the S/N ratio.) In this case, the total S/N
ratio would be
(
S
N
)2
=
∑
3Dpix
[
T21(ν,Ω)
σT (∆ν1,∆Ω1)
]2
= N3D
VarT21
σ2T (∆ν1,∆Ω1)
=
VarT21
σ2T (∆νtot,∆Ωtot)
, (45)
where the temperature uncertainty in the last line σ2T
is computed according to Eq. (44) using the bandwidth
∆νtot and the solid angle ∆Ωtot of the whole survey vol-
ume instead of an individual 3D pixel.
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We can see that for a “full survey” that consists of
one Galactic cap (pi sr), and taking a wide bin width
in redshift or frequency ∆ν/ν = ∆z/(1 + z) = 0.5, as-
suming the existence of a perfect cross-correlation tem-
plate, assuming that we can densely fill the entire Moon
with receivers and acquire 100 years of good data, and
assuming perfect foreground subtraction, a signal with
(VarT21)
1/2 = 0.0069z2.443 mK could be measured with
S/N = 1 and a signal at 0.02z2.443 mK could be mea-
sured with S/N = 3. As shown in Figure 9, even this
very optimistic scenario is not sufficient for a detection
of the recombination-era 21 cm signal.
V. DISCUSSION
Interactions between hydrogen atoms and Lyα pho-
tons in the very high-redshift Universe create a deviation
between the spin temperature and the CMB brightness
temperature, leading to a small but in principle mea-
surable 21-cm signal at z & 500. When we take into
account an accurate estimate of the WF effect, we find
that it along with coupling with CMB photons and col-
lisions between hydrogen atoms produce a global 21-cm
amplitude of roughly ∼ 2.5 mK at z ∼ 500, falling to
∼ 0.01 mK at z ∼ 1000. Free-free effects along the line
of sight to the target redshift then increase the ampli-
tude of the global brightness temperature deviation to
∼ 1− 2 mK at z ∼ 1000 and beyond as photons redshift
through successive shells of cooling free electrons.
This may make it appear at first glance that there
is an observable 21-cm global signal beyond recombina-
tion. Unfortunately, once a continuum process such as
Bremsstrahlung begins to dominate, it is no longer pos-
sible to isolate emission from a single redshift slice, as
the Bremsstrahlung contribution comes from integrating
conditions along the entire line of sight.
However, this same continuum behavior which makes it
impossible to obtain global tomography at these high red-
shifts means that the contribution from Bremsstrahlung
to 21 cm fluctuations can be subtracted along with usual
21 cm foregrounds. At z ∼ 1000 we predict small and
likely unobservable perturbations with an amplitude of
∼ 10−7 mK. Even this small signal is quickly drowned
out by free-free absorption beyond z ∼ 1100, as the ion-
ization fraction and as a consequence the free-free optical
depth steeply increase. This therefore is the ultimate red-
shift limit for 21 cm cosmology, beyond which no signal
can be recovered.
Previous work on this topic by FL13 obtained very dif-
ferent results for both the global 21-cm amplitude and the
size of the fluctuations. They predict a ∼ 1 mK global
signal at z ∼ 1000 from the WF effect alone, along with
a fluctuation amplitude of ∼ 10−4 mK. These are ∼ 100
times larger than our estimates in this redshift range.
These differences arise primarily from our more accu-
rate treatment of the Lyα radiative transfer, hence of the
Lyα color temperature. Indeed, we implemented a high-
resolution radiative transfer code, producing a consider-
ably more accurate prediction of the spectrum near the
Lyα transition than is possible using HyRec alone. In
addition, we use the full frequency range of the Lyα pro-
file when computing the color temperature, rather than
just the slope at line center, which underestimates the
brightness temperature contrast at high redshifts. Fi-
nally, our fluctuation amplitude is slightly enhanced be-
cause we use the numerically-computed growth rate for
the baryon perturbations.
There are still several effects which we have not in-
cluded in our calculation, though we do not expect any
of them to alter our results significantly. In our radiative
transfer calculation, we treated the line profile around
Lyα as a single Voigt profile, rather than using the full
form for the profile computed in [40] including all of the
different hyperfine transitions. This should in principle
alter both our computation of the Lyα spectrum and
that of the color temperature. In addition, as we men-
tioned above, the WF coupling induces an additional dif-
fusion term into the Fokker-Planck equation which we
neglect. This spin-diffusion term should act to bring the
color temperature into equilibrium with the spin tem-
perature. Including this effect accurately would require
recursively solving for the spin and color temperatures
together. However, since we are working at high red-
shift, the Lyα line is fairly wide and both of these effects
should be weaker. Comparison between the results of
Refs. [40] and [52] suggests that both of these corrections
should come in a the sub-percent level at our redshifts of
interest. We also neglected the impact of ionization fluc-
tuations on our perturbation amplitudes, which would
alter the fluctuation size somewhat.
Though our computations are limited to redshifts
above 500, our results have an interesting implication for
current measurements of lower redshift 21 cm signals. In
particular, the Experiment to Detect the Global Epoch of
Reionization Signature (EDGES) experiment recently re-
ported a deeper-than-expected 21 cm absorption trough
at a frequency corresponding to the expected redshift of
cosmic dawn [53]. In standard models of 21 cm evolu-
tion, it is assumed that Lyα photons from the first stars
would couple Ts to the adiabatically-decreasing matter
temperature at this redshift, but the spin temperature in-
ferred from the EDGES result is significantly lower than
the minimum plausible matter temperature. Barkana
[54] proposes that a spin temperature below the matter
temperature is evidence for baryon-dark matter interac-
tions cooling the matter faster than expected [27, 28].
However, in our work, albeit at very different redshifts,
we find a spin temperature outside the range bounded
by Tm and Tr driven only by Lyα scatterings. Though
our signal is quite small, it motivates further investiga-
tion of other subtle radiative transfer effects to determine
whether unexpected results could be produced through
more conventional means.
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VI. CONCLUSION
In the wake of the first possible detection of a 21-cm
signal at z ∼ 17, it is important to determine the range of
redshifts and scales that future 21-cm experiments may
in principle be able to access. In this paper we have
addressed the following question in detail: how close to
the CMB last scattering surface could 21-cm observations
reach? To do so, we presented the most accurate calcula-
tion to date of the 21-cm global intensity and fluctuation
amplitudes at redshifts beyond z ∼ 500. We performed a
high-precision radiative transfer calculation of the spec-
trum near Lyα, in order to quantify the Wouthuysen-
Field coupling at high redshifts. Despite a large coupling
strength due to the intense Lyα background resulting
from cosmological recombination, we found that the de-
parture of the Lyα color temperature from the gas tem-
perature is substantially smaller than what was found in
FL13. This is due to the very efficient frequency diffu-
sion of photons in the core of the line, combined with a
suppressed contribution of the damping wings to spin-
flip scatterings. We moreover accounted for the effects
of free-free processes for the first time. We found that
the global 21-cm signal at z & 800 is, in fact, determined
mostly by these processes rather than the resonant inter-
actions with the 21-cm transition. Nonetheless, 21-cm
fluctuations do retain tomographic information, in prin-
ciple up to z ∼ 1100 or so before being exponentially
damped by bremsstrahlung absorption. Finally, we es-
timated the detectability of the signal, accounting for
smooth foreground subtraction and angular smearing due
to scattering in the Milky Way’s interstellar medium. We
found that even a highly optimistic instrumental setup,
with collecting area of the order of the Moon’s surface
area and a century-long observation time, could detect
21-cm fluctuations only up to redshifts of a few hundreds.
On the bright side, there still remains a spectacular
trove of information to be collected with the 21-cm signal
at z . 200 or so. As instrumentation progresses and
observations push their horizon deeper in the Universe’s
early stages, it will be important to carefully model the
expected signal. As illustrated in this work, the physics of
the 21-cm signal is rich and subtle, and careful modeling
could very well lead to interesting surprises.
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Appendix A: Numerical computation of the Lyα
spectrum
Here we describe in detail the numerical radiative
transfer computation carried out in Section III A. We use
the method of HF09. No claim of originality is made in
this section, these details are included here only for the
sake of completeness.
As stated above, the spectrum evolves due to Hubble
drift, emissions, absorptions, and scatterings. We con-
sider the last of these first. In order to conserve photons,
rather than writing a derivative operator for the Hubble
drift, we chose the timestep of our Fokker-Planck solver
such that ∆ ln ν = ∆ ln a. Under this assumption, at
each time step the photons in one bin simply shift to the
next lower-frequency bin, i.e.
Ni(a+∆a) = Ni+1(a). (A1)
We obtain the value for the bluemost bin from the HyRec
spectrum. Because we chose such a large number of bins,
this bin is sufficiently far from the Lyα line that the exact
choice of its frequency does not affect our final results.
The emission rate of Lyα photons is set by sum of
the decay rates Γu→2p from higher-level states u to the
2p state multiplied by the branching fraction P2p→1s for
2p to decay to 1s. The contribution N˙ |em to the time
derivative of Ni can be written as
N˙i|em =
∑
u
xuΓu→2pP2p→1sE(νi)φα(νi)∆νi, (A2)
where xu is the fraction of hydrogen atoms in state u.
Values for x1s and x2p are given by HyRec, populations
for higher states are computed assuming thermal equi-
librium. The quantity E(ν) is a correction factor for the
emission rate due to photon phase space factors and the
presence of other resonances, its value is given by equa-
tions (25-26) of HF09. Once we have the emission rate,
we can use detailed balance to write the absorption rate
N˙i|ab as
N˙i|ab
N˙i|em
= − Ni
Neq
(
νLyα
νi
)3
eh(νi−νLyα)/Tr , (A3)
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where
Neq =
8piν3Lyα
c3nH
x2p
3x1s
∆ ln ν (A4)
is the equilibrium value of Ni at line center.
True absorptions and emissions change the overall
number of photons in our calculations. We now need to
add in the final effect, scattering, which preserves photon
number but alters their frequency. If Fi is the net flux of
photons from bin i+ 1 to i due to scattering, then
N˙i|sc = Fi − Fi−1. (A5)
Because we are working in the Fokker-Planck approxi-
mation, these fluxes are linear in Ni and dNi/dν, so we
can write
Fi = −ζiNi + ηiNi+1. (A6)
One relation between our new constants ζi and ηi can
be determined by requiring the Fi be zero in thermal
equilibrium, which yields
ζi
ηi
=
ν3i+1
ν3i
e−h(νi+1−νi)/Tm . (A7)
The matter temperature Tm appears in the exponent be-
cause scattering effects tend to bring the color temper-
ature in to equilibrium with the kinetic temperature of
the gas.
In terms of ζi and ηi, the diffusion coefficient can be
written as
D(ν) = 1
2
(ηi + ζi−1)(∆ν)
2. (A8)
Comparing this to the actual value of D(ν) from Hirata
[40] and assuming that ζi and ηi are slowly varying func-
tions yields the result that
ηi + ζi =
HνLyασ
2
ντLyα [φα(νi) + φα(νi+1)]
(νi+1 − νi)2 , (A9)
where τLyα is the optical depth in the Lyα line. By com-
bining equations (A7) and (A9), we can determine Fi and
therefore N˙i|sc. Note that in this expression we have set
the fraction of absorptions which lead to scattering equal
to unity, which should be true to high precision. We as-
sume that there is no scattering on either boundary of
our calculation.
We solve our Fokker-Planck problem using a back-
wards Euler solver. We can write the full time derivative
of Ni as
N˙i = N˙i|em + N˙i|ab + N˙i|sc = CijNj . (A10)
The matrix Cij is tridiagonal, since the derivative in one
bin depends only on the values in itself and those imme-
diately adjacent. On each timestep, we solve
Ni(t+∆t)−Ni(t)
∆t
= Cij(t+∆t)Nj(t+∆t) (A11)
using the standard tridiagonal method to obtain new val-
ues of Ni. We then shift each value redward by one bin,
filling in the bluemost bin with the value obtained from
HyRec.
Appendix B: Convergence Tests
The 21 cm signal we predict here is the result of a sub-
percent difference between the spin and radiation tem-
peratures. It is therefore crucial that we make certain
that our numerical calculations are as accurate as possi-
ble. The most likely place for numerical errors to creep
in is the Lyα radiative transfer computation described in
Section IIIA. In this appendix, we will briefly describe
the efforts we have made to demonstrate the convergence
of this code.
We mentioned above that we use nearly 100 times
higher spectral and temporal resolution for our code than
was used in the similar work by HF09. This is required
to ensure that the spectrum in both the core and wings
of the Lyα line converges to the precision we require.
If we use the bin sizes specified in HF09, we find that
amplitude of the plateau in 1 − TC/Tr from Figure 4
is higher by roughly a factor of two. In the lower res-
olution calculation, the slope of the blue side spectrum
is slightly steeper than that plotted in Figure 3. This
drives the color temperature further out of equilibrium
than it otherwise should be. It is unclear whether this
discrepancy is sourced by insufficient temporal resolution
or insufficient spectral resolution, as our prescription for
Hubble redshifting requires us to keep the two step sizes
equal. We selected the final resolution used in the body
of the paper by gradually increasing the resolution un-
til the curves plotted in Figure 4 converged. At our full
resolution, halving the time and frequency steps changes
the values of those curves by <1%.
Similarly, we use nearly 100 times more frequency bins
than HF09 in our calculation. At fixed frequency step,
the number of bins sets the total width in frequency space
of our high-precision computation. Because the wings
of the Lyα transition allow for significant scattering of
photons well outside the line center, it is necessary to
use quite wide boundary conditions. With the HF09 bin
counts, small differences between the HyRec spectrum
and the correct value contaminate our color temperature.
We selected our final bin counts using the same criterion
as for the spectral resolution.
It is also possible that there could be some error intro-
duced by our choice of high-redshift boundary condition.
We use a blackbody initial spectrum, but is unlikely that
the spectrum at our initial redshift is an exact blackbody.
However, because the optical depth to Lyα scatterings
is so high, any effects caused by this choice are quickly
damped away. For example, if we start our calculation
at z = 1500 instead of 1600 the value of 1− TC/Tr con-
verges to that plotted in Figure 4 to within <0.1% by
z = 1490. We can therefore be fairly certain that the
results presented above are independent of our choice of
initial condition.
